We present a calculation of the direct CP asymmetry, A dir CP , for the process B + → π + K 0 including the effects of long-range inelastic final-state interactions (FSI). We admit three channels in our calculation: B + → (π + K 0 ), (ηK + ), and (D + sD 0 ). The strong scattering is described in terms of Pomeron and Regge exchanges. We find that the direct CP asymmetry is enhanced by a factor of ∼ 3 as a result of FSI, but remains well short of the claims of (10 − 20)% in recent literature. A critical assessment of papers claiming large CP asymmetries is also presented.
I. INTRODUCTION
Considerable attention [1, 2, 3] has been paid to B → πK decays for their potential to determine the CKM angle γ. The effect of final-state interactions (FSI) has also been studied variously by Refs. [2, 4, 5, 6, 7] . In calculations [8] without the inclusion of FSI effects, one finds a direct CP asymmetry, A dir CP , in B + → π + K 0 of the order of 0.5%. However, Refs. [5] and [6] calculating the effect of an intermediate ρK * state converting to π + K 0 through an elementary pion exchange, estimate the direct CP asymmetry arising out of this triangle graph to be ∼ 10%. This would imply that such a large CP asymmetry could be accomodated within the Standard Model. Further, it has been argued in Refs. [7] that in B + → π + K 0 decay a CP asymmetry of the order of (10 − 20)% is possible once long-distance (soft) FSI are included. Hence it is argued that a 20% CP asymmetry could not be taken unambiguously to signal New Physics.
The goal of the present paper is rather limited: it is to investigate the effect of long-range FSI on A dir CP in the process B + → π + K 0 which in the absence of FSI is a pure penguin-driven process. We admit three channels in the discussion of inelastic final-state interactions: (π + K 0 ), (ηK + ) and (D + sD 0 ). The decay amplitude is decomposed into the two isospin states, I = 1/2 and 3/2, and each corrected for FSI. Our method of including FSI is different from that of [7] . In contrast to the claims in Ref. [7] , we find that A dir CP could be raised by a factor of ≈ 3, but remains well short of (10 -20)% range. We spell out the role played by the elastic and inelastic channels on A dir CP , and take a critical look at Refs. [5, 6, 7] . Following Ref. [7] , we also neglect the electromagnetic penguin processes.
The layout of the paper is as follows: We define the Hamiltonian and the model parameters in Section II. Weak decay amplitudes for the three channels, B + → (π + K 0 ), (ηK + ) and (D + sD 0 ) are calculated in Section III. The strong Smatrix elements, S 11 , S 12 and S 13 are calculated in Section IV, using Pomeron and Regge exchanges. CP asymmetry calculations are presented in Section V. The concluding section, Section VI, contains a discussion of the results, and a criticism of previous calculations claiming large asymmetries.
II. DEFINITIONS AND PARAMETERS
In our analysis we will consider only the the QCD-modified effective Hamiltonian for b → s transitions with the top quark integrated out [9, 10, 11 ]
Here C i are the Wilson coefficients defined at scale µ ≈ m b and the current bilinears O i are defined as follows:
In Eq. (2), O 1 and O 2 are the tree operators, O 3 , ...., O 6 are generated by QCD penguin processes, (V ± A) represents γ µ (1 ± γ 5 ), and α and β are color indices. q ′ is a sum over the active flavors u,d,s and c quarks.
In the next-to-leading-logarithmic calculation one works with effective Wilson coefficients C ef f i , rather than the coefficients that appear in (1) . The derivation of these effective coefficients is well known [9, 10, 11] . We simply quote their values
with[11]C 1 = 1.1502,C 2 = −0.3125,C 3 = 0.0174,
and
where
Note that only the current operator O q 1 , with q=u,c, is used to generate the penguin contributions; q 2 , on the other hand, is the invariant momentum carried by the gluon in the penguin diagram, and m q the mass of the quark q in the penguin loop. For
2 ) becomes complex giving rise to strong perturbative (short distance) phases through P s . We use N c = 3 throughout.
The quark masses and the meson decay constants, we employ are:
As for the CKM angles, Ref. [12] quotes | V ub | / | V cb |= 0.08 ± 0.02, and Ref. [13] quotes Arg (V * ub ) = (62 ± 12)
• . Refs. [14] and [15] cite a significantly different range for Arg (V * ub ). For our calculations we take,
Since long-range rescattering preserves isospin, we decompose D + → π + K 0 amplitude into I = 1/2 and I = 3/2 components and then apply Pomeron and Regge exchanges to these amplitudes to compute the FSI-corrected isospin amplitudes. Finally the FSI-corrected isospin amplitudes are recombined to generate the total FSI-corrected decay amplitude which is then used to calculate A dir CP .
III. DECAY AMPLITUDES
The B → πK decay amplitudes in terms of the isospin amplitudes are given by (see, for example, Ref. [4] )
In Eq. (11) the state vectors are eigenstates of I and I 3 . H ∆I=0 and H ∆I=1 are the isospin-conserving and isospin-changing parts of the Hamiltonian, respectively. Note that the penguin operators, O 3 to O 6 , involving q (qq) are of necessity isospin conserving. The operators O 1 and O 2 generate both ∆I = 0 and ∆I = 1 transitions. Note also that there are three independent isospin amplitudes but four decay amplitudes. The constraint is provided by requiring that A 3/2 calculated from A +0 and A 0+ be the same as that from A −+ and A 00 . This serves to fix the relative signs of the decay amplitudes, as we shall see in the following.
In the factorization approximation the four decay amplitudes of Eq. (9) are given by ( an overall factor of G F / √ 2 has been suppressed)
and the superscript on a (q) 4 and a (q) 6 represents the quark flavor in the penguin loop. The isospin amplitudes derived from the above equations are (note that one has to set R
for isospin symmetry)
Notice that A 3/2 gets contribution from the operators O 1 and O 2 only. For the discussion of
1/2 are relevant. With the chosen parameters of Eq. (7), and the form factors of [16] , they are (aside from a factor
Note that x (3/2) c = 0. The two isospin amplitudes are unitarized through isospin conserving FSI. Henceforth, the superscript (+) in A (+) 1/2 will be dropped wherever it is possible to do so without ambiguity, since it is the only relevant isospin 1/2 amplitude.
B. Inelastic Channels
We specifically consider the effect of two channels, B + → ηK + and B + → D + sD 0 , both I = 1/2 final states, on the elastic channel B + → π + K 0 . These two inelastic channels will effect only A 1/2 ; A 3/2 will be effected only by rescattering in I = 3/2 state. In the following we enumerate the two decay amplitudes B + → D
Due to η − η ′ mixing, the expression for the decay amplitude for B + → ηK + is fairly involved. In writing the following m
is suppressed) ,
The largest contribution to the decay amplitude arises from the tree amplitudes proportional to a 1 and a 2 which constitute the coefficient of ξ * u . Numerically, with θ = −20
• , and form factors from [16] ,
In the factorization approximation one obtains ( a factor of
is suppressed)
Numerically,
We have used f Ds = 0.3 GeV and F 0 BD (m D 2 ) =0.66 from Heavy Quark Effective Theory [17] .
IV. INELASTIC FINAL-STATE INTERACTIONS A. Formalism
For the purposes of the following discussion, label channels π
0 and ηK + as channels 1, 2 and 3, respectively. Let us also denote by the matrix S (I) ij (i, j = 1, 2, 3) the elements of the S-wave scattering matrix in isospin I state. Then the effect of rescattering on the weak decay amplitudes A i is to generate the unitarized amplitudes A U i via [18] A
are the weak decay amplitudes calculated so far in this paper according to the isospins. For the two isospin amplitudes, the above equation reads explicitly (note that the isospin label is now a subscript in the decay amplitudes but a superscript in the S matrix elements),
The amplitudes (18) and (21), respectively. Our next task is to calculate the scattering-matrix elements. For this we use the Regge-exchange model including the Pomeron and the highest lying trajectories for each reaction. The S matrix for the scattering from channel i to channel j in L = 0 state is given by [18] ,
where t min and t max are the minimum and maximum values of the invariant momentum transfer t, and λ i and λ j are the usual triangular functions: λ(x, y, z) = (
for channels i and j, respectively. For u channel exchanges, replace t by u. In the following we consider the evaluation of S ij .
B. Evaluation of S 11
For the elastic scattering, π
we consider only the Pomeron, the ρ and f trajectories. K * exchange in the u channel is not permitted in π
scattering as the exchanged object is an exotic () state. A (qq) exchange is, however, allowed in π +K 0 → π +K 0 scattering. Using crossing matrices, the element S 11 in I = 1/2 and I = 3/2 states is given by
where the subindices refer to the exchanged trajectory.
Pomeron Exchange
The elastic scattering π + K 0 → π + K 0 via Pomeron exchange is parametrized by [19] T P (s, t) = β(t) s s 0
with [19] α P (t) = 1.08 + 0.25t,
and [20] 
where [21] suggested by high energy πp and Kp elastic scattering data, and β uu ≈ 6.5, we obtain β(0) ≈ 22. With these parameters we calculate,
ρ Exchange
The ρ exchange amplitude for π
where s 0 is again chosen to be 1 GeV 2 and the ρ trajectory is taken to be,
with α ρ (0) = 0.5 and α ′ ρ = 0.848 GeV −2 . The coupling constant β ρ (0) is determined by taking the limit (s → ∞, t → m 2 ρ ) in Eq. (30) and equating it to the perturbative graph contribution with the ρ meson in the t channel. This leads to
where g 2 V P P /4π = 3.0, determined from the ρ width, has been used. With these parameters and approximating Γ(α ρ (t))sinπα
f Exchange
The f -exchange amplitude for π
The scale factor s 0 is chosen to be 1 GeV 2 . Here we consider two scenarios for the f trajectory: (i) Degenerate (with ρ), and (ii) Non-degenerate.
Degenerate f : We assume the f trajectory to be the same as the ρ trajectory, and the coupling constant β f (0) = β ρ (0). Such a trajectory results in m f = 1.33 GeV , somewhat higher than the central value listed in Ref. [12] but well within the width of the f meson. For the degenerate f trajectory, we get
Non-degenerate f : Here we consider the f trajectory to be parallel to the ρ trajectory, α
and determine α f (0) from the central value of f meson mass, 1.275 GeV . This yields α f (0) = 0.6215. Further, we approximate Γ (α f (t)) sinπα f (t) ≈ Γ (α f (0)) sinπα f (0) = 1.3381. The constant β f (0) is determined by taking the limit (s → ∞, t → m f 2 ) in Eq. (34) and equating it to the perturbative expression for the π + K 0 → π + K 0 scattering through f exchange. The coupling of f to pion pair and KK is determined from the branching ratios B(f → ππ) and B(f → KK) given in [12] . This results in β f (0) = 38.61. With these parameters, we get
Note that the L = 0 partial-wave amplitude for the non-degenerate f case is almost three times larger than the degenerate f case. This is due to two reasons: A larger β f (0); and a higher intercept α f (0). Putting the contributions of the Pomeron, the ρ and the f from Eqns. 
C. Evaluation of S 12
The inelastic process π + K 0 → ηK + , a pure I = 1/2 reaction, proceeds via the exchange of K * in the u channel. The Regge amplitude for this process is given by
The coupling constant β K * (0) is determined by taking the limit (s → ∞, u → m * K 2 ) in Eq. (38) and equating it to the perturbative amplitude for π + K 0 → ηK + process through K * exchange. Relating K * −K −η and K * −K −π couplings to the coupling g V P P through SU(3) symmetry, we get
where θ, the η − η ′ mixing angle, is taken to be −20
• . The scale parameter s 0 is chosen to be 1 GeV 2 and the K * trajectory is chosen to be parallel to the ρ trajectory (α ′ K * = 0.848 GeV −2 ). This requires α K * (0) = 0.325 for the K * mass to be 895 MeV . With these parameters we obtain β K * (0) = 28.9. In projecting the L = 0 partial wave according to Eq. (24), we use the approximation,
We finally obtain
D. Evaluation of S 13
The reaction π
is a pure I = 1/2 process. It proceeds through the exchange of D * in the t channel. (Here t channel is defined by the reaction π
since the exchanged object has to be neutral.) The Regge amplitude is
Now, the reaction π + K 0 → D s +D0 has a threshold close to 4 GeV . Thus, we anticipate the scale factor s 0 to be much larger than 1 GeV 2 , as has been assumed so far. Further, if one puts D * (J P = 1 + ) and D 2 * (J P = 2 + ) on the same linear trajectory, one gets a much flatter trajectory, α ′ D * ≈ 0.5 GeV −2 , than the ρ trajectory [18, 22] . With this slope one finds α D * (0) = −1.02. In contrast, had we chosen the D * trajectory to be parallel to the ρ trajectory, we would have obtained α D * (0) = −2.426, a much lower intercept and, consequently, a much smaller contribution to T 13 (s, t) . In addition, we use the approximation
which is due to the cancellation of the pole of the Gamma function at argument −1 with the zero of the sine function at α D * (0) = −1. With these parameters, we obtain
V. CP ASYMMETRY CALCULATIONS
A. Definitions and direct CP asymmetry without long-range FSI Let us define the generic form of the decay amplitude for
then the decay amplitude for the process
We define the direct CP asymmetry as,
Further, if we define the CKM products with their weak phases following Wolfenstein parametrization,
and the decay amplitudes A u and A c with their strong phases,
where we have defined,
where λ = 0.22 is the usual Wolfenstein parameter representing V us , and in the denominator of Eq. (50), we have neglected a term of order | ξ | 2 . Note also from the expression for A dir CP , Eq. (50), that for a given value of the angle γ the CP asymmetry can be raised either by raising r, or by raising sin(δ u − δ c ), or both. This point is discussed in the next section in context of our calculations.
In the absence of long-range FSI, the decay amplitude for B + → π + K 0 is given by A +0 of Eq. (12) . One can then calculate the direct CP asymmetry from the numerical values for A 3/2 and A 1/2 given in Eq. (15) Table 1 ) is,
The reason for the asymmetry being an order of magnitude smaller than | ξ |∼ O(λ 2 ) is that sin(δ u − δ c ) is of order 10 −1 (see Table 1 ). Note also that the asymmetries in absence of FSI are comparable to those calculated in [8] . The authors of Ref. [8] have used a different set of mass parameters; the phase δ c is sensitive to the choice of m c , particularly when m 2 c is in the vicinity of m 2 b /8. In fact, the CP asymmetry is quite sensitive to the choice of q 2 (see Ref. [8] ). The difference in the sign of the asymmetry between us and Ref. [8] is a matter of definition only.
B. CP asymmetry with long-range inelastic FSI
In terms of the two isospin amplitudes, A 3/2 and A (+) 1/2 , defined in Eq. (14) , the decay amplitude for B + → π + K 0 is given by
After unitarization, the two relevant isospin amplitudes are given by Eq. (23). Substituting from Eq. (23) in Eq. (53) and reorganizing the resulting expression, we obtain the decay amplitude after the inclusion of long-range inelasic FSI as,
The weak decay parameters (x
, y c , z c ) are given in Eqns. (15) , (18) and (21) . The S-matrix elements S , S 12 and S 13 are given in Eqns. (37), (41) and (44). The CP asymmetry is now given by
The resulting CP asymmetries calculated with q 2 = m b 2 /2 are:
Comparison with the CP asymmetries in absence of FSI shows that CP asymmetries have increased approximately three-fold. Further, whether we consider a degenerate or non-degenerate f makes very little difference to the result. Consequently, the CP asymmetries are listed in Table 1 for degenerate f only.
We studied another scenario -one where channels 2 and 3 were decoupled from channel 1. In such a scenario only the elastic channel comes into play and the effect of the FSI are embodied in S We note from Eqns. (58) and (59) that adding channels 2 and 3 has made very little difference to the asymmetry; in fact, the asymmetry has decreased somewhat. The results are summarized in Table 1 .
VI. DISCUSSION
In the absence of FSI, the decay B + → π + K 0 is a pure penguin process; the decay amplitude depends on the coefficients a i , (i = 3, ..., 6). With our choice of the parameters, and with an effective q 2 = m b 2 /2, we have calculated the direct CP asymmetry A dir CP in the absence of FSI to be in the range (−0.3 to−0.4)%, depending on the choice of γ. This is an order of magnitude smaller than λ 2 . Once the decay amplitude for B + → π + K 0 is decomposed into the two isospin states, I = 1/2 and I = 3/2, each isospin amplitude involves the tree coefficients a 1 and a 2 ; it is just that they are cancelled in the sum. As the rescattering S matrices S (1/2) and S (3/2) are different, the cancellation of the coefficients a 1 and a 2 does not occur after FSI are taken into account. That is, FSI mix and blurr the classification of processes by their topologies, tree or penguin.
Considerable attention has been paid [5, 6, 7] to the size of the direct CP asymmetry in B + → π + K 0 . It has been argued in [7] that asymmetries as large as 20% could be generated as a result of FSI. Refs. [5, 6] argue that 10% asymmetry could be produced in the mechanism they propose. Our calculations suggest otherwise. We expand on a critique of these papers, and a related one [23] , in the following.
In order to discuss the results of [7] , we need to establish the correspondence between their notation and ours:
Before FSI:
Consequently, since | A u | / | A c |≈ 1, see Table 1 , and | V ub | / | V cb |= 0.08±0.02 [12] , one finds r + < λ/10. After FSI are taken into account, the correspondence reads, After FSI:
It is argued in [7] that ǫ could be as large as 0.09 as a result of FSI. For this to be achieved one would need
Our calculations show (see Table  1 ) that after incorporating inelastic FSI, this ratio has remained close to unity. As a consequence, the CP asymmetry does not show the kind of rise claimed in [7] . Table 1 also shows that the increase in CP asymmetry after the inclusion of FSI has come from the rise in sin(δ u − δ c ), the strong interaction phase factor; the ratio r ′ has remained close to unity. The estimates of [7] appear to be too optimistic, and could be criticized on several grounds. First, to estimate the effect of FSI, they calculate the discontinuity of the decay amplitude across the unitarity cut using a Regge amplitude for the scattering amplitude. A dispersion relation is then used to generate the FSI-corrected amplitude. In doing so, they assume that the weak decay amplitude in the expression for the discontinuity can be taken outside of the integral (see Eq. (2.17) of [7] ), whereas it should also be integrated over. Besides, the integration ranges from s = (m K + m π ) 2 to infinity; Regge description hardly applies at the lower end of the integration range. Secondly, having estimated the effect of π 0 K + state through the exchange of the ρ trajectory on the parameter ǫ (see Eq. (2.25) of [7] ), the contributions of other channels are estimated only very crudely (see material following Eq. (2.25) of [7] ). Our estimates do not support the optimistic expectations that inelastic channels add up coherently to generate an ǫ of the size required to produce a (10 -20)% CP asymmetry.
An estimate of a 10% CP -asymmetry in
, [6] ) is based on the calculation of the triangle graph representing the decay B + → π + K 0 via an intermediate ρK * state. The transition ρK * → π + K 0 is assumed to occur through an elementary π exchange. This is tantamount to saying that one-pion-exchange mechanism reasonably describes the reaction ρK
GeV . That this is not so is discussed below.
Consider the scattering of helicity zero ρ + and K * 0 into π + K 0 . The scattering T -matrix for this reaction with the exchange of a π 0 is given by T (s, t) = 2g
Here θ is the scattering angle in the center of mass, and k and p are the center of mass momenta in the π + K 0 and ρ + K * 0 channels, respectively. For zero-helicity scattering, the rotation matrices d J 00 (θ) are the same as the Legendre polynomials P J (cosθ). Hence the projection of J = 0 partial wave proceeds as in Eq. (24). Converting the variables from the invariant momentum transfer t to cosθ, one gets
Unitarity requires that the off-diagonal (and the diagonal) elements of the S matrix be bounded by unity. Thus, the one-pion-exchange mechanism leads to a gross violation of unitarity of the S matrix. It is for this reason that a large CP asymmetry is generated in [5] and [6] . Finally, we would like to comment on a related work of Ref. [23] . In this paper, the authors evaluate the isospin 1/2 and 3/2 scattering amplitudes in πK → πK; the mechanism is assumed to be through the exchanges of the Pomeron and Regge (ρ, K * , etc.) trajectories. The partial wave amplitudes are then projected and the scattering phases, δ l identified as (see following Eq. (26) of [23] ):
This identification is correct only if the scattering is elastic, i.e. the S matrix is given by e 2iδ l . To wit:
where A l is the scattering matrix constrained by unitarity of the S matrix. Clearly now, Eq. (64) holds. However, if the scattering is inelastic, as we anticipate it to be in the B-mass region, then each diagonal element (ii) of the S matrix can be written as,
where the elasticity η i is such that 0 < η i < 1. Now,
and one no longer obtains Eq. (64). Thus, we believe, the identification of the scattering phase shift in [23] is incorrect. However, using the real and the imaginary parts of the calculated amplitude A 
Clearly, the phase of the weak decay amplitude is the scattering phase (Watson's theorem) if the decay amplitude is real. The claim of [23] that the phase they are calculating is the phase of the weak-decay amplitude, therefore, is correct only if the scattering is elastic. The scattering, however, is not elastic as evidenced by | S ii |< 1 in our calculation. In general, for inelastic scattering, the unitarized weak decay amplitude is a superposition of the form given in Eq. (22) , and the phase of A U i is, obviously, not simply related to the phases of the S-matrix elements, but to the S-matrix elements weighted by the weak-decay amplitudes A j .
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